A note on circular distributions by Soogil Seo (Seoul) 1. Introduction. Let µ n be the set of nth roots of unity in a fixed algebraic closure Q of Q. Let µ ∞ = n∈N µ n , µ * n = µ n \ {1}, µ * ∞ = µ ∞ \ {1}, where N is the set of positive integers. A circular distribution (cf. [1] , [2] ) is a Galois equivariant map f from µ * ∞ to Q × such that
f (ζ) = f (ε) for ε ∈ µ * ∞ and d ∈ N.
We denote by Σ the set of all circular distributions. Let
be the group ring of the Galois group Gal(Q(µ n )/Q) and R := lim ← − R n be the projective limit of R n with respect to the natural restriction maps. Then Σ has a natural R-module structure. Let ψ be the element of Σ defined by ψ(ζ) = 1 − ζ, ζ ∈ µ * ∞ . By finding elements in Σ but not in Rψ, Coleman checked that Σ = Rψ. He defined a subgroup F of Σ consisting of f ∈ Σ satisfying, for each prime number l and n ∈ N with (l, n) = 1, f (εζ) ≡ f (ζ) modulo primes over (l) for all ε ∈ µ * l , ζ ∈ µ * n . Coleman conjectured Conjecture (Coleman) . F = Rψ.
In [11] , by using the Iwasawa theory (cf. [5] ) and arguments involving Euler systems (cf. [6] , [8] and [9] ) we showed that the values of F and Rψ on µ * n are "essentially" equal for all n. In [10] , we were able to show that Greenberg's conjecture implies that the values of F and Rψ on µ * n are equal for all n. In this paper we investigate to what extent the equality of values of F and Rψ implies Coleman's conjecture. Let C(n) be the group of Sinnott's cyclotomic units in the field Q(µ n ) (cf. [12] , [13] ),
Note that the set of values of Rψ on µ * n is C(n). Hence throughout this paper we will assume that F(µ n ) = C(n) for all n. For each n ∈ N, let ζ n be a primitive nth root of unity in µ n such that ζ m mn = ζ n for all m, n ∈ N. Let D(n) be the R-submodule of C(n) generated by 1 − ζ n . We prove
We first show that F(ζ n ) is a cyclic R n -module. Let n = p e 1 1 · · · p e r r . Let E n denote the group of global units of the nth cyclotomic field and C n := C(n) ∩ E n . In general C n is generated as an R-module by {1 − ζ t | t n, t is divisible by at least two distinct primes}
which is a set of cardinality
Then we use a basis for C n modulo ±µ n constructed by M. Conrad (see §2).
In Section 3, we compute the torsion subgroups Σ tor and F tor of Σ and F respectively. For any set S of square free odd numbers, let δ S be the function on µ * ∞ defined by δ S (ζ n ) = −1 if n involves only primes in S, 1 otherwise.
Let D be the R-submodule of Σ generated by δ S for all such S. When S is the set of all square free odd numbers, we denote δ S by δ odd . We prove
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for each prime number l and n ∈ N with (l, n) = 1,
Let F(ζ n ) := {f (ζ n ) | f ∈ F} and F n := F(ζ n ) ∩ E n , where E n is the group of units in Q(µ n ). Let C(n) be the group of circular numbers of the nth cyclotomic field Q(µ n ), as defined above, and C n the group of circular units (in the sense of Sinnott [12] ),
that we can transform results on F(ζ n ), C(n) into those on F n , C n and vice versa. Furthermore the fact (cf. [10] ) that if n is divisible by two distinct primes then f (ζ n ) is always a unit allows us to supress the distinction whether
Write a b when a divides b and a is prime to b/a. In general, C n is generated as an R-module by {1 − ζ t | t n, t is divisible by at least two distinct primes}
Finding a minimal set of generators over R depends heavily on the prime factors of n (cf. [4] ). For instance if n = pq, p generates Z/qZ and q generates Z/pZ then one sees easily that C pq = R(1 − ζ pq ); p = 3, q = 5 will satisfy this condition. On the other hand,
Now, we want to show that F(ζ n ) is a cyclic R n -module generated by 1 − ζ n . For n | m we let
and denote the norm map from Q(µ m ) to Q(µ n ) by N m,n .
For motivation, let us consider the case n = p r q where p and q are distinct primes. For f ∈ F, if f (ζ p r q ) ∈ C(p r q) then it follows from the formula
) can be expressed in the following form:
for some a r , b r , c r ∈ R p r q . The product condition
for ε ∈ µ ∞ and d ∈ N is known to be equivalent to the following conditions (see Section 2 of [10] ):
• For any prime number l and square free integer r with (r, l) = 1,
• For n − i ≥ 1,
Here Fr p is Frobenius at p. It then follows from N p r q,pq f (ζ p r ζ
for all n ≥ 1. Even if the exponent p r−1 in the last term on the left hand side is large, it may be compensated for by the first term as
This problem occurs because (1−ζ p r q ) R p r q and (1−ζ q ) R q are not necessarily linearly disjoint over Z,
With this regard, the expression of (1) seems to be possible without (1−ζ q ) c r equaling 1. We will show this is not the case. We mention here that the study of inverse limits of circular units was considered in a long and interesting paper [7] of Kuz'min. In the first section of [7] , Kuz'min finds a set of generators for P ∞ , the inverse limit of P n , the circular units modulo roots of unity over the cyclotomic Z p extension. He presents P n as a product of D n and P −1 in order to obtain the inverse limit of P n as that of D n . We show that the inverse limit of P n can be obtained only in terms of D n independently of P −1 using a nice basis found by Conrad. This basis behaves well with respect to the norm maps in the cyclotomic Z p extension.
Conrad constructed a basis B n for the group of cyclotomic units (modulo ±µ n ) of the nth cyclotomic field. (The "modulo ±µ n " does not concern us since −ζ n = (1−ζ n ) 1−τ for the complex conjugation τ .) The relative circular units C n are defined to be the group 
Note that D(n) = D n if n is divisible by two distinct primes. Let n = p
It follows from the observation
From this we are led to the following Lemma 2.2. Let b ∈ B n . Then we can write b = (1 − ζ n ) r n for some r n ∈ R n . Let B d denote the group generated by B d .
Proof. The norm map N p w f,p v f induces a surjective map from C p w f to C p v f :
Theorem 2.4 (= Theorem A). Let f ∈ F. Then f (ζ n ) ∈ C(n) if and only if f (ζ n ) = (1 − ζ n ) r n for some r n ∈ R n .
Proof. The "if" direction is clear, now we take care of the "only if" direction. If n is a prime power then it follows immediately from the hypotheses that f (ζ n ) = (1 − ζ n ) r n . Now suppose n is divisible by two distinct primes. We know that in this case f (ζ n ) is a unit and hence f (ζ n ) lies in the group of circular units, C n . Let n = p e 1 1 · · · p e r r . Let f (ζ n ) = n |n G(n ) mod ±µ n for some G(n ) ∈ B n . We claim that all the G(n ) terms with p 1 · · · p r n are trivial. Suppose p | n and write
Suppose w ∈ N and write
Applying N np w ,n and using Lemma 2.3 we see that
for some G (a) ∈ B a . From this and Theorem 2.1 it follows that p b|n G(b) ∈ ±µ n . Thus our claim is proved and hence
where the product is taken over n | n where p 1 · · · p r | n . It then follows from Lemma 2.2 and the facts that G(n ) ∈ B n for all n with p 2 · · · p r | n and that ±µ n ⊂ D n that
Let A n be the annihilator of D n in R n ,
One can obtain a well defined restriction map res p m a,p n a from A p m a into A p n a (m ≥ n ≥ 1) using the norm maps N p m a,p n a ; then res p m a,p n a A p m a ⊂ A p n a and hence we have a well defined map
From Theorem 2.4 we have
Corollary 2.5. Let f ∈ F. Then f (ζ p n a ) ∈ C p n a if and only if f (ζ p n a ) = (1 − ζ p n a ) r p n a for some (r p n a ) ∈ lim ← − (R p n a /A p n a ).
By taking inverse limits with respect to the restriction maps the short exact sequence,
produces the left short exact sequence
In general A ∞ := lim ← − A p n a is not zero. When a = 1, we have A ∞ = 1 for all prime p and
This implies that in Corollary 2.5 we can lift elements (
We refer to [10] for the details.
3. Σ tor and F tor . In this section, we will compute the torsion subgroups Σ tor , F tor of Σ and F respectively. We begin by considering interesting examples found by Coleman. For any set S of square free odd numbers, let δ S be the function on µ * ∞ defined by
Then one can easily check that δ S ∈ Σ \ F and δ 2 S = 1. Conversely, we can characterize Coleman's examples to be those f ∈ Σ such that f 2 = 1. Indeed suppose that f ∈ Σ, f 2 = 1. Thus f (ζ n ) = ±1 for any ζ n ∈ µ * ∞ . We take S = {m | m is square free and f (ζ m ) = −1}.
If S is an empty set then f = 1 from the definition of the circular distribution. Let n ∈ S and n = p 1 · · · p r . If n is even, say p 1 = 2, then f does not satisfy the axiomatic definition of circular distribution: Let
Hence the set S consists of odd numbers. We now claim that f = δ S . By the definition of δ S and the distributive property of f we have
g with e i ≥ 1 for 1 ≤ i ≤ r and q 1 · · · q g ∈ S, 1 otherwise. This shows that f = δ S . Let D be the R-submodule of Σ generated by δ S for all such S. We obtain the following Lemma 3.1 (Coleman) . D is the submodule of Σ consisting of all elements f such that f 2 = 1.
The above lemma provides us the subgroup D of 2-torsions of Σ. First we will show that D is the torsion subgroup of Σ. We fix some notations. Let {p 1 , . . . , p r } be a set of (temporarily fixed) distinct primes and P := p 1 · · · p r .
Let X = X(P ) denote the set of all numbers divisible only by P ,
We start with the following ). For any s and n j > e j such that s ≡ 1 mod p
As s can be made arbitrarily large, it follows that f (ζ a ) ∈ ±µ a/p n i i and hence
By the norm coherence property, we conclude X(f ) ⊂ {±1}. Conversely, if
(f ) is equal to p i for all sufficiently large n then X i (f ) is not contained in any finite set and hence not contained in ±µ P/p i . To prove necessity suppose that d P p n+1 i P p n i (f ) = p for infinitely many n. Then there are infinite sequences of numbers, n 1 < n 2 < · · · , and
This leads to the conclusion that X i (f ) ⊂ ±µ P/p i .
In the following corollary we assume that P is prime. The following example which is contained in Coleman's examples of D was suggested to us by Bae.
Example.
δ odd (ζ n ) = −1 if n is odd, 1 otherwise. Then δ odd ∈ F. We will show that it generates the torsion subgroup F tor of F. Proof. By Corollary 3.4, F tor is contained in D, F tor ⊂ Σ tor = D. Suppose that 1 = f ∈ D ∩ F. Thus f = δ S for some nonempty set S. We claim that f = δ odd . Let n ∈ S and n = p 1 · · · p r . Let t = n be a square free odd number. Let q be a prime such that (q, n) = 1, q | t. It follows from the congruence conditions of F that −1 = f (ζ p 1 ···p r ) ≡ f (ζ qp 1 ···p r ) modulo primes over q.
Since q is an odd prime we have f (ζ qp 1 ···p r ) = −1. In this way one can easily arrive at f (ζ t ) = −1. It follows from the norm coherence property that f (ζ s ) = −1 for all odd numbers s as we wanted to show.
We will show elsewhere that δ odd can be written in the form δ odd (ζ n ) = (1 − ζ n ) r n for all n, but is not contained in Rψ. We are led to the question, an affirmative answer to which would be a slight modification of Coleman's original conjecture on the circular distributions: Does F equal Rψ ⊕ F tor ?
